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ABSTRACT We present a new method for analyzing the dynamics of conformational fluctuations of individual flexible
polymer molecules. In single-particle tracking (SPT), one end of the polymer molecule is tethered to an immobile substratum.
A microsphere attached to the other end serves as an optical marker. The conformational fluctuations of the polymer molecule
can be measured by optical microscopy via the motion of the microsphere. The bead-and-spring theory for polymer dynamics
is further developed to account for the microsphere, and together the measurement and the theory yield quantitative
information about molecular conformations and dynamics under nonperturbing conditions. Applying the method to mea-
surements carried out on DNA molecules provides information complementary to recent studies of single DNA molecules
under extensional force. Combining high precision measurements with the theoretical analysis presented here creates a
powerful tool for studying conformational dynamics of biological and synthetic macromolecules at the single-molecule level.

INTRODUCTION

The theory of polymer dynamics is one of the most elegant
and cogent subjects in macromolecular science (Doi and
Edwards, 1986). The fundamental difference between the
physics and chemistry of a small molecule and that of a
macromolecule is that the latter can adopt a vast number of
approximately equally probable conformations. Any indi-
vidual polymer molecule within a population constantly
fluctuates among these conformations; the populations must
be characterized and analyzed in terms of a distribution. In
the past, almost all experimental measurements on poly-
mers, either thermodynamic or hydrodynamic, yielded av-
eraged behavior of the whole population distribution (Flory,
1969; Doi and Edwards, 1986). These measurements have
validated the statistical theory of polymer conformations
and have provided much important information about a
wide range of both synthetic and biological polymers. They
do not directly reveal, however, the conformational dynam-
ics of individual polymer molecules. For biological poly-
mers like DNA the rates of conformational fluctuations can
be of great significance in biochemical processes such as the
binding of Lac repressor protein to its operon for gene
expression (Finzi and Gelles, 1995; Shore et al., 1981;
Horowitz and Wang, 1984).

With the technological advancement in micromanipula-
tion and video-enhanced optical microscopy, one now can
study single DNA molecules in aqueous solution (Smith et
al., 1992). Large spontaneous dynamic fluctuations of indi-
vidual macromolecules can be observed by optical micros-
copy. In a typical experiment, one end of the polymer

molecule is anchored to a substratum. A microsphere bound
to the other end as an optical marker is tracked using
video-enhanced optical microscopy with a nanometer pre-
cision (Gelles et al., 1988). This approach has recently been
applied to measure the kinetics of DNA looping induced by
Lac repressor protein. The spatial range of the spontaneous
conformation fluctuations of the tethered DNA molecule
indicated whether its effective length had been shortened by
the formation of an interior loop (Finzi and Gelles, 1995).
Although there was no attempt to study the intrinsic prop-
erties of the DNA molecule itself in these experiments, this
method of tethered particle motion (TPM) (Yin et al., 1994)
can also yield much information about the equilibrium and
dynamics of conformational fluctuations of the tethering
DNA molecule and of other flexible polymer tethers. The
method belongs to a class of optical methods based on
particle tracking (Gelles et al., 1988; Qian et al., 1991;
Mason et al., 1997; Gittes et al., 1997). In this paper we
propose the use of single-particle tracking (SPT) to study
polymer conformational dynamics at the level of the indi-
vidual molecule. This novel approach provides direct ob-
servations of conformational fluctuations of individual mac-
romolecules under relatively nonperturbing conditions,
complementary to recent studies of single DNA molecules
under extensional force (Smith et al., 1992, 1996; Perkins et
al., 1994, 1995; Cluzel et al., 1996; Strick et al., 1996).

The fundamental difference between traditional macro-
scopic studies and the recent single-molecule measurements
is that the thermal fluctuations are an intrinsic and essential
contribution rather than an undesirable source of noise
(Elson and Webb, 1975; Elson and Qian, 1994; Shapiro and
Qian, 1997, 1998), reminiscent of the pioneering studies on
single channel proteins in membranes that have revolution-
ized physiology (Neher and Stevens, 1977). In this paper we
develop a quantitative basis for interpreting measurements
of the stochastic behavior of single macromolecular tethers
(e.g., DNA) based on the theory of polymer dynamics
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(Rouse, 1953; Zimm, 1956; Doi and Edwards, 1986). We
anticipate that the quantitative analysis of fluctuating poly-
mers will become a powerful tool for studying the relation-
ship between structures and dynamical properties of flexible
polymers as well as biological macromolecules.

Measurements of the transient relaxation of a linear ther-
modynamic system after a perturbation yield information
identical to that obtained from measurements of spontane-
ous fluctuations (Keizer, 1987). For a nonlinear system,
e.g., a random coil polymer at large extension, the stretching
experiments are dominated by the effects of the nonlinear-
ity. The fluctuation measurements, however, probe the lin-
ear elasticity of the system. A fluctuation measurement
requires many measurements over time (i.e., the measure-
ments of many fluctuations) to achieve statistical accuracy.
The time resolution of the kinetics is not determined, how-
ever, by the duration of the measurement. A longer mea-
surement time yields a higher accuracy, by averaging over
both random measurement errors and variations due to the
stochastic character of the spontaneous fluctuations. Simi-
larly, averaging over many transients in a relaxation exper-
iment improves the accuracy. Finally, a measurement in
which a single polymer is extended by external force selec-
tively probes the modes with fast relaxation and less thermal
fluctuations, whereas an equilibrium fluctuation measure-
ment probes the modes equally with fast and slow relax-
ations (equipartition).

To apply the theory of polymer dynamics to SPT, one has
to take explicit account of the microsphere (optical marker).
This requires a reformulation of the established theory (Doi
and Edwards, 1986) and leads to a different mathematical
problem with a transcendental eigen equation. To clearly
illustrate the theoretical development, we present analyses
for both free-draining polymer (Rouse, 1953) and polymer
with hydrodynamic interaction (Zimm, 1956). The former is
conceptually simple but applicable only to short polymer
molecules, whereas the latter is more appropriate for long
polymers. The paper is organized as follows. In the next
section we describe a simple quantitative method for ana-
lyzing conformational fluctuations of flexible macromole-
cules such as DNA. The third section presents an analysis of
the dependence of the observed polymer dynamics on the
presence of the tethered particle and the length of the tether.
The fourth section provides an example of the application of
the analytical method to experimental measurements. The
last section discusses the significance of this approach to the
study of biochemical processes and polymer dynamics.

ANALYSIS OF CONFORMATIONAL
FLUCTUATIONS

In SPT measurements the position of the microsphere, teth-
ered by a flexible polymer molecule to the substratum,
fluctuates over time. The microsphere position can be sim-
ply defined as the center of its optical image. Its distance to
the site of anchorage to the substratum defines the end-to-

end distance (Flory, 1969; Doi and Edwards, 1986) of the
tether. A histogram and a time correlation function (Elson
and Webb, 1975; Qian et al., 1991) of the microsphere
position respectively characterize statistically the equilib-
rium and the dynamic properties of the tether (Fig. 1). Our
first task is to interpret the measured fluctuations of the
position of the tethered particle in terms of the structural and
dynamic properties of the polymer molecule. The simplest
analysis is based on the phenomenological dumbbell model
for polymer dynamics (Bird et al., 1987), according to
which the particle is assumed to be tethered to the substra-
tum by a simple linear spring with effective spring constant
kdb. This spring constant is determined both by the flexibil-
ity and by the length of the polymer tether, as discussed
below. The viscous resistance to the motion of the micro-
sphere defines an overall relaxation time constant (�1). The
time constant characterizes the rate of motion of the har-
monically bound particle in its viscous environment.

The equilibrium distribution of the positions of the mi-
crosphere should be independent of both its frictional coef-
ficient and size if we neglect its excluded volume effect
with both the substratum and the tether itself. Therefore,
under these assumptions the SPT measurements should
faithfully yield the distribution of polymer end-to-end dis-
tances (r). The dumbbell model characterizes the dynamics

FIGURE 1 A schematic illustration of the analysis of the fluctuating
position of the optical marker, in terms of a distribution or histogram and
an autocorrelation function of the position measurements. The position
fluctuation data are in arbitrary length units. The distribution gives the
mean and variance of the fluctuating position. The autocorrelation function
yields a correlation time (�1), and its amplitude is the same as the variance.
For a sequence of data {xn�n � 1, 2, . . . , N}, the autocorrelation function
is obtained as

g�m� �
1

N � m �
n�1

N�m

xnxn�m � �1
N �

n�1

N

xn�2

where m usually is much smaller than N.
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of the polymer tether in terms of a (Langevin) equation of
motion (Bird et al., 1987) for the end-to-end vector r in a
viscous solvent:

�db

dr
dt

� �kdbr � fdb�t� (1)

where we neglect the inertial term and fdb(t) is a fluctuating
force due to the thermal motions of the solvent molecules.
The subscript db specifies the dumbbell model. In effect, the
stochastic differential equation (Eq. 1) describes the diffu-
sion of the microsphere in the harmonic potential to which
it is bound and so is mathematically equivalent to a partial
differential equation in the form of a diffusion equation for
the probability distribution P(r, t) � P(x, t)P(y, t)P(z, t)
(Wax, 1954, Van Kampen, 1992):

�P�x, t�

�t
� D

�2P�x, t�

�x2 �
�

�x�kdb

�db
xP�x, t�� (2)

where 2�dbD�(�) � �fdb(t)fdb(t � �)�; D is a diffusion
coefficient; and � � � denotes an ensemble average. The
equilibrium solution of Eq. 2 is a Gaussian distribution
(Peq(r)) for the end-to-end distance r � �r�, with variance
3D�db/kdb. Thus far the relationship between the stochastic
differential equation (Eq. 1) and the partial differential
equation (Eq. 2) is strictly mathematical (Van Kampen,
1992). We can further determine the relationship between
�db and D from thermal physics. At thermal equilibrium, the
mean square end-to-end distance, i.e., the variance of the
distribution of end-to-end distances, is 3kBT/kdb, where kB is
Boltzmann’s constant and T is the temperature in Kelvins
(Wax, 1954; Van Kampen, 1992). Hence we have D �
kBT/�db, which is the well-known Einstein formula, a spe-
cial case of the general fluctuation-dissipation relation for
equilibrium thermal fluctuations (Keizer, 1987; Klapper and
Qian, 1998). Therefore, the equilibrium distribution for the
end-to-end distance r is a simple Boltzmann distribution:

Peq�r� � Peq�x, y, x�	e�kdb�x2�y2�x2)/2kBT

and

Peq�r�	r2e�kdbr2/2kBT (3)

For the microsphere diffusing in the harmonic potential
well, we can determine analytically from Eq. 2 not only the
equilibrium distribution Peq(r) but also the temporal behav-
ior from the fundamental solution (Green’s function) P(r,
t�r�), which yields the probability that, if the microsphere is
at position r� at some reference time, it is at position r after
an elapsed time interval t. The measured time-dependent
fluctuations in r are most readily characterized statistically,
in terms of the time correlation function (Elson and Webb,
1975; Qian et al., 1991):

G�t� � � � rr�P�r, t�r��Peq�r��dr dr� � � r2Peq�r�dr	e�t/�1

(4)

where �1 � �db/kdb, the conformational relaxation time of
the tethering polymer molecule. At any moment r is likely
to deviate from its equilibrium value. The time required to
relax to the equilibrium value is characterized by �1, which
depends on the elasticity (kdb) of the polymer segment and
the overall viscous resistance to motion (�db) of the polymer
and the microsphere through the solvent. From the time
record of the measured coordinates of the microsphere, the
correlation function in Eq. 4 can be computed to yield the
relaxation time �1 (see more details in Fig. 1).

For a weakly bending polymer molecule, the length over
which it can substantially bend is called a persistence length
(�p). Molecules for which the contour length is much greater
than the persistence length can be considered as random
coils. The dumbbell model can be applied to microspheres
tethered either by stiff polymers with less than one persis-
tence length or by random coils with many persistence
lengths, but the energetics of the elastic restoring force are
different for the two types of tethers. Contributing to the
force constant kdb in Eq. 3 are both entropic forces origi-
nating from the distribution of the polymer over its random
coil conformations and enthalpic forces that resist bending
over a range of distances that are small compared to the
polymer persistence or segment length. Hence there should
be contributions to kdb that are both proportional to and
independent of temperature T:

kdb�T� � a � bT. (5)

For a polymer with many persistence lengths (elastic dumb-
bell), kdb 
 3kBT/2L�p, where L is the contour length of the
polymer (Flory, 1969). Hence, kdb varies inversely with the
length of the tether, L, i.e., as 1/L. If, however, the polymer
is short (rigid dumbbell, less than one persistence length),
then the backbone bending (the a term) dominates kdb. For
a stiff tether the kdb due to transverse bending varies as 1/L3

(Barkley and Zimm, 1979). The temperature dependence of
kdb (i.e., Eq. 5) provides an informative indicator of the
source of the flexibility and elasticity of the tethering poly-
mer, and a way to distinguish whether the molecule is
behaving as a flexible random coil or a weakly bending
beam and whether the bending is static or dynamic (Schell-
man and Harvey, 1995). Helical DNA behaves as a weakly
bending beam for lengths shorter than 150 bp and as a
wormlike random coil for much greater lengths. Hence, in
SPT experiments on DNA, it is useful to carry out measure-
ments of conformational dynamics as a function of temper-
ature to characterize the energetics of the elastic restoring
force and to determine the nature of the conformational
fluctuations being observed.

BEAD-AND-SPRING MODEL FOR THE
TETHERED MICROSPHERE

The dumbbell model provides a simple and useful analysis
of the dynamics of the tethered microsphere. For a flexible
polymer tether, however, the relaxation kinetics is not single
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exponential, but rather has a spectrum of relaxation modes.
A more detailed model can provide important information
about the relative contributions of the microsphere and of
the polymer to the dynamic properties of the system and
about the dependence of these properties on the degree of
polymerization of the polymer. For a long polymer, the
strong hydrodynamic interaction among segments within a
polymer molecule entraps solvent within the polymer do-
main and therefore leads to non-free-draining behavior.
This hydrodynamic interaction significantly complicates the
theoretical analysis and obscures the simple ideas behind
the dynamic theory. Hence although it is important ulti-
mately to account for hydrodynamic interactions, we first
present our analysis for the free-draining polymer (without
hydrodynamic interactions).

The equilibrium properties of the polymer are not af-
fected by the presence of the microsphere if one neglects its
volume effect. To address more realistically the dynamic
problem we employ the bead-and-spring model (Doi and
Edwards, 1986; Rouse, 1953; Zimm, 1956). In this model
the polymer molecule is divided into segments, each of
which is represented as a bead, which encounters viscous
resistance to motion through the solvent, connected by
simple Hookean springs to the bead (segment) preceding
and following it. Each segment is itself supposed to be a
flexible polymer of many persistence lengths that can be
treated as a random coil and therefore as a linear spring (Doi
and Edwards, 1986). The viscous resistance is generated by
the motion of the polymer segments. We focus on the
relaxation time �1, which we can derive from the dynamic
equations for a microsphere tethered to a flexible polymer
molecule. Following the theory of polymer dynamics and
neglecting hydrodynamic interactions (Doi and Edwards,
1986; Rouse, 1953), we have the stochastic dynamic equa-
tions of motion for a freely draining polymer with one end
fixed at the origin and the other end attached to a micro-
sphere:

R0 � 0

�
dRn

dt
� �k�2Rn � Rn�1 � Rn�1� � fn,

n � 1, 2, 3, . . . , N (6)

��
dRN�1

dt
� �k�RN�1 � RN� � fN�1

where Rn is the position vector for the nth bead in the
polymer chain, k is the elastic constant for the springs
between the beads, and � is the frictional coefficient for
motion of the beads through the viscous solvent. There are
N polymer segments and the microsphere is included as the
(N � 1)th segment. Note that �� (for the microsphere) is
distinct from � (for the polymer segments represented as
beads). fn is the random thermal force acting on the nth
polymer segment due to collisions with solvent molecules.
We first neglect hydrodynamic interactions among the seg-

ments for the simplicity of the present analysis. Their in-
clusion, which we defer to a later section, would not change
the framework of the analysis.

This system of equations is mathematically similar to the
chemical kinetic equations of a nucleation-elongation reac-
tion (Elson, 1972; Ninham et al., 1969), which has been
extensively studied as a model for the protein folding ki-
netics of ribonuclease A (Tsong et al., 1971). The eigenval-
ues 	 of this set of linear equations, in units of �/k, are
defined by the following linear algebraic equations:

R0 � 0

� �2Rn � Rn�1 � Rn�1� � �	Rn , n � 1, 2, 3, . . . , N
(7)

� 
�RN�1 � RN� � �	RN�1

where 
 � �/�� � 1.
The general solution for Eq. 7 is (Elson, 1972)

Rn � c���
n �c���

n , n � 0, 1, 2, . . . , N � 1

where

2�
 � 2 � 	 � 	�	 � 2�2 � 4 (8)

and c� and c� are determined by the boundary conditions

R0 � 0

�	 � 
�RN�1 � 
RN � 0

The characteristic equation for the eigenvalues is

�	 � 
���
N�1 � 
��

N

�	 � 
���
N�1 � 
��

N � 1 (9)

Alternatively, Eqs. 8 and 9 can be written as �
 � e
i�,
where � � arcsin �	 � 	2/4 and

�	 � 
�sin��N � 1��� � 
 sin�N�� � 0 (10)

This equation obviates the imaginary �’s in Eq. 8.
It is easy to verify that 	 � 0 is a (trivial) solution for the

equation. If �	� �� 1, then we can expand the equation in a
power series of 	 to obtain


 �
8 � 8N � 
 � 4N
 � 4N2


8
	 � O�	2� � 0

which yields the smallest nonzero eigenvalue:

	1 

2


N�2 � N
�
(11)

The longest relaxation time �1 is directly related to the
smallest eigenvalue 	1: �1 � �/(k	1). Hence, we have

�1 �
N�2�� � N��

2k
(12)

Equation 12 provides the dependence of the polymer dy-
namics (�1) on the length of the polymer (	 N) and allows
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us to characterize the relative contributions of polymer and
microsphere. Fig. 2 illustrates the dependence of �1 on the
relative magnitudes of the frictional coefficients for the
polymer segment (�) and the microsphere (��). For a long
polymer �1 is proportional to N2 and is dominated by the
frictional properties of the polymer segments. If N �� 1/

(� ��/�), then the relaxation rate is controlled by the poly-
mer, and the particle has only minor influence: 	1 
 2/N2.
If �� �� N�, then the relaxation rate is independent of � and
is controlled by the tethered particle: 	1 
 
/N. Although in
this situation the SPT measurement does not reveal the
unperturbed dynamics of the polymer chain, it nevertheless
provides equilibrium information about the polymer in the
form of k. In summary, measurements of the dependence of
�1 on the degree of polymerization of the tether reveal
whether the observed dynamic behavior is dominated by the
microsphere or the polymer. Moreover, the sensitive depen-
dence of the relaxation time on N allows the experimenter to
“tune” his or her measurements by varying the length of the
tether to bring the conformational fluctuation rates into a
convenient range for measurement by video microscopy.

So far we have considered only the free-draining polymer
(Rouse, 1953). In this model each polymer segment inter-
acts independently with the solvent. It is well known that
this model yields a N2-dependent relaxation time, which is
inconsistent with the observed dynamics of long polymer
molecules. This incorrect dependence on N arises from
neglecting hydrodynamic interaction among the polymer
segments. Zimm (1956) has shown that by introducing a
hydrodynamic interaction (i.e., an Oseen tensor; see Doi and
Edwards, 1986), the relaxation time will then vary as �N3/2,
in agreement with experiment. The elegant approach of

Zimm uses the fact that the mean hydrodynamic interaction
matrix (H below) and the linear system in Eq. 7 (matrix A
below) are both symmetrical and almost circular. Two sym-
metrical and circular matrices commute; hence they can be
simultaneously diagonalized. More specifically, the dy-
namic equation for a free-draining polymer (Eq. 6) can be
written in a matrix form, (dR/dt) � (1/�)(AR � f). When the
hydrodynamic interaction is included, it becomes (dR/dt) �
H(AR � f), where matrix H replaces frictional coefficient �.
The A and H matrices are

A � k�
�2 1 0 0 � 0 0 0
1 �2 1 0 � 0 0 0
0 1 �2 1 � 0 0 0
� � � � � � � �
0 0 0 0 � 1 �2 1
0 0 0 0 � 0 1 �1

�
H �

1
�6
3�1/2��p

�
� 1

1

	2

1

	3
�




	N

1 � 1
1

	2
�




	N � 1
1

	2
1 � 1 �




	N � 2
� � � � � �



	N




	N � 1




	N � 2




	N � 3
� �


�
where � � (6
3)1/2��p/� and � is the viscosity of the solvent
fluid. If � �� �N, then the second matrix is reduced to a
diagonal form and we are back at Eq. 6. If � �� �N, then
we have the “non-free-draining” case, and Eq. 12 becomes

�1	
N3/2�

2k
.

when �� 
 �, which is consistent with what is experimen-
tally observed (Perkins et al., 1994). It should be noted that
the free-draining model is appropriate only for short poly-
mer molecules, and for long polymers the hydrodynamic
interaction must be included. The quantitative analysis of
SPT we present, however, is not committed to any particular
model for polymer dynamics. We have chosen the Rouse
model to present our approach because it simplifies the
mathematical task.

THE QUANTITATIVE RELATIONSHIP BETWEEN
DNA LENGTH AND THE BROWNIAN MOTION OF
A TETHERED PARTICLE

The SPT analysis presented here can be usefully applied to
the data obtained in recent TPM studies of DNA (Yin et al.,
1994; Finzi and Gelles, 1995). In these studies the range of
particle positions was used to gauge the effective length of

FIGURE 2 The longest relaxation time �1 as a function of the polymer
length (N) and the size of the tethered particle (
). The figure shows a
gradual transition from the particle-controlled regime to the polymer-
controlled regime at about N�/�� � 1. The different curves are for the
different polymer lengths N � 50, 100, and 200 according to Eq. 12. The
corresponding symbols are the exact smallest roots of Eq. 10, obtained
numerically.
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the DNA tether and therefore the presence or absence of
repressor-stabilized loops. The equilibrium distribution of
the tethered particle was characterized in these studies by
defining a Brownian motion parameter � as the difference
between the diameter of the time-averaged image of the
tethered particle and that of a fixed particle in the same
microscope field. The relationship between � and the end-
to-end distance of the DNA can be calculated from our
theory by assuming 1) the image of the tethered particle of
radius � can be fit by a two-dimensional Gaussian intensity
function, exp(�r2/2�2), and 2) a Gaussian chain model for
end-to-end distances. Therefore, the center of the particle
has a two-dimensional distribution 	 exp[�3(x2 � y2)/
4N�p

2] (Eq. 3) according to the Gaussian chain model (Flory,
1969; Doi and Edwards, 1986), and so the time-averaged
image will be

� �e�
(x�x�)2�(y�y�)2

2�2 e�
3(x�2�y�2)

4N�p
2 dx� dy�	e�

x2�y2

2�2�4N�p
2/3

That is, the time-averaged two-dimensional image has di-
ameter 2��2 � 2N�p

2/3. Thus, for a particle tethered by
DNA with a persistence length of �p, one has

� � 2	�2 � 2N�p
2/3�2�
2N�p

2/3� (13)

(For differential interference contrast (DIC) light micros-
copy in which a particle image is the derivative of the
Gaussian intensity function, parallel mathematics holds (not
shown) and also leads to Eq. 13.) This linear relationship
between � and N has been measured experimentally (Yin et
al., 1994). The linearity extends to 2500 bp. For an optical
marker with diameter 0.23 �m and a DNA persistence
length �p � 50 nm (�150 bp; Shore et al., 1981), so that the
number of persistence lengths in a tether of n bp is N �
n/150, we obtain � � 0.097 n. This agrees favorably with
the experimentally observed value of 0.065 n (Yin et al.,
1994; Finzi and Gelles, 1995).

We can also estimate the standard deviation in the mea-
surement of the Brownian motion �. Let us denote ri, i � 1,
2, . . . , M, as the central positions of M successive particle
images separated by time intervals �T. For a short DNA
chain, the motion is very fast. Hence the positions of the
particle in the successive video image frames are uncorre-
lated, and each follows the same equilibrium distribution 	
exp(�3r2/4N�p

2). These ri have a mean position �i�1
M ri � 0,

and they cover an area of approximately (1/2M) �i�1
M ri

2.
Therefore, the Brownian motion measurement yields

� � 2	�1/2M��i�1
M ri

2 � �2 � 2� 

�i�1

M ri
2

2M�

where we have assumed that the bead is relatively large with
respect to the tether, so the r’s are small fractions of the
bead diameter. Therefore the mean of � is

��� 

�i�1

M �ri
2�

2M�
�

�r2�

2�
�

2N�p
2

3�
(14)

which agrees with Eq. 13; and the variance is

��2� � ���2 

�i, j�1

M �ri
2rj

2�

4M2�2 � ��r2�

2��2

�
�r4� � �r2�2

4M�2 �
4N2�p

4

9M�2

The expected standard deviation is the square root of the
variance:

	��2� � ���2 
 ��r4� � �r2�2

4M�2 �1/2

�
2N�p

2

3	M�
(15)

Hence, the expected standard deviation for � is proportional
to N, as has also been observed in experiments (Yin et al.,
1994). Equation 15 also predicts that the standard deviation
for � decreases as M�1/2, where M is the number of frames
averaged per image. Hence sufficiently large M will yield
measurements of � with small standard deviation.

If the DNA is long, then the motion of the optical marker
is slow, and the positions of successive images are corre-
lated. Then � also reflects the relaxation time �1:

��� 

�i�1

M �ri
2� � �ri�

2

2M�

�
2N�p

2

3� �1 �
1 � e�2M�T/�1

M�1 � e�2�T/�1��
(16)

where �T is the dwell time for each frame. When M is very
large, Eq. 16 is reduced to Eq. 13, and there will be no
information on �1. If M � T �� �1, then Eq. 16 becomes
2N�p

2M �T/(3��1), which shows that � linearly increases
with M, the number of frames in the image averaging.

DISCUSSION

To illustrate the principles underlying dynamic SPT mea-
surements, we have discussed only the simplest models for
macromolecular conformations and dynamics. Even at this
level, it is clear that much interesting information about the
dynamics of motion of the tether can be obtained using this
approach. More realistic models would consider the ex-
cluded volume and hydrodynamic interactions of the teth-
ered particle and the polymer segments, the detailed rela-
tionship between the structure and dynamic properties of the
tether, the influence of the substratum, which limits the
polymer conformations, and time averaging effects on the
actual measurements. These subjects will be carefully in-
vestigated in future work.

Let us consider whether the time resolution of present
SPT technology is sufficient to study the conformational
dynamics of single DNA molecules. Analysis of dynamic
light scattering measurements on DNA in terms of Rouse-
Zimm theory has yielded the frictional coefficient � 
 10�9

N s/m and spring constant k 
 3 � 10�7 N/m (Lin and
Schurr, 1978). On the other hand, according to Stokes’ law,
the frictional coefficient (��) for a spherical particle with
diameter d is 3
�d, where the viscosity of water � � 10�3

N s/m2. Hence for d � 0.23 �m, we have �� 
 2.27 � 10�9
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N s/m in water. This leads to �/�� 
 0.5 and a relaxation
time (�1 in Eq. 12) for a 1000-bp DNA molecule of �120
ms, which is within the reach of the time resolution of video
microscopy (33 ms). Of course, a longer DNA molecule
will yield a larger �1 (cf. Eq. 12), which could be determined
more precisely under the same time resolution.

In recent years, it has become increasingly clear that, in
addition to carrying genetic information in its sequence, the
structure and dynamics of DNA also play central roles in the
biochemical processes of decoding the information, pro-
cesses such as the initiation and regulation of gene tran-
scription. Hence, applying quantitative measurements such
as SPT to DNA with specific sequences will greatly en-
hance our understanding of DNA conformational fluctua-
tion effects on these important regulatory processes. For
example, there is ongoing search on the nature of “action at
a distance” (Wang and Giaever, 1988; Rippe et al., 1995).
One of the possible mechanisms for this general phenome-
non is that flexible DNA molecules form loops stabilized by
specifically bound protein molecules, i.e., binding-induced
bending. The average probability of DNA loop formation
has been experimentally measured in terms of cyclization
(Shore et al., 1981; Horowitz and Wang, 1984). The method
developed here will provide further information on individ-
ual DNA molecules, which range in behavior from weak
bending to flexible circles. Applying these quantitative
measurements to DNA with specific sequences will greatly
enhance our understanding of various important biochemi-
cal processes.

The method developed here is not limited to studying
DNA polymers. It can be applied to other synthetic and
biological polymers or even polymer networks. Combining
delicate experimental measurements and theoretical analy-
ses, this new SPT method can provide important informa-
tion on the molecular mechanics of diverse biological mac-
romolecules. For example, consider the physiologically
important unfolding of the giant muscle protein, titin, in
response to extensional force in three recent studies based
on force microscopy and optical trapping of single protein
molecules (Reif et al., 1997; Kellermayer et al., 1997;
Tskhovrebova et al., 1997). Titin provides a restoring force
that resists excessive extension of the muscle. The molecule
behaves as a complex spring in which successive unfolding
of various types of conformational domains with different
characteristics provides resistance to stretch as well as com-
pliance (Erickson, 1994). These studies have revealed a
wide range of interesting behaviors of this protein but also
indicate significant effects of the stiffness of the probes and
the rate of application of force to the molecule. These
effects complicate the interpretation of the measurements
(Shapiro and Qian, 1997, 1998). Measurement of the fluc-
tuating conformation of the protein under nonperturbative
conditions using SPT yields molecular characteristics in a
well-defined, zero-load state and provides complementary
information on this molecule. Specifically, the relative con-
tributions of the wormlike chain elasticity and cooperative

protein domain folding-unfolding transition in the native
state of the protein can be studied (Bustamante et al., 1994).
The relative time scales of these two processes could be
obtained if one chose appropriate temperature or solvent
conditions to set the protein at the middle of the unfolding
transition of a specific domain.

Measurements of the transient response of single macro-
molecules under external force is now a well-established
biophysical technique. These measurements involve large
thermal fluctuations due to Brownian motion on the single-
molecule level. With the SPT method, we take advantage of
these large fluctuations and from them obtain valuable
dynamic information on a relatively unperturbed state of the
molecule, as was first suggested by Einstein almost a cen-
tury ago (Einstein, 1956).

We thank Jeff Gelles and Bruno Zimm for many helpful discussions. ELE
acknowledges National Institutes of Health grant GM38838 for support.

REFERENCES

Barkley, M. D., and B. H. Zimm. 1979. Theory of twisting and bending of
chain macromolecules; analysis of the fluorescence depolarization of
DNA. J. Chem. Phys. 70:2991–3007.

Bird, R. B., C. F. Curtiss, R. C. Armstrong, and O. Hassager. 1987. Dy-
namics of Polymeric Liquids, Vol. 2, Kinetic Theory, 2nd Ed., John
Wiley and Sons, New York.

Bustamante, C., J. F. Marko, E. D. Siggia, and S. Smith. 1994. Entropic
elasticity of 	-phage DNA. Science. 265:1599–1600.

Cluzel, P., A. Lebrun, C. Heller, R. Lavery, J.-L. Viovy, D. Chatenay, and
F. Caron. 1996. DNA: an extensible molecule. Science. 271:792–794.

Doi, M. and S. F. Edwards. 1986. The Theory of Polymer Dynamics.
Clarendon Press, Oxford.

Einstein, A. 1956. Investigations on the Theory of the Brownian Movement.
Dover, New York.

Elson, E. L. 1972. Simple sequential model for the kinetics of conforma-
tional transitions of oligomeric helices and proteins. Biopolymers. 11:
1499–1520.

Elson, E. L., and H. Qian. 1994. Measurements of molecular transport in
small systems. Lect. Math. Life Sci. 24:37–49.

Elson, E. L., and W. W. Webb. 1975. Concentration correlation
spectroscopy: a new biophysical probe based on occupation number
fluctuations. Annu. Rev. Biophys. Bioeng. 4:311–334.

Erickson, H. P. 1994. Reversible unfolding of fibronectin type III and
immunoglobulin domains provides the structural basis for stretch and
elasticity of titin and fibronectin. Proc. Natl. Acad. Sci. USA. 91:
10114–10118.

Finzi, L., and J. Gelles. 1995. Measurement of lactose repressor-mediated
loop formation and breakdown in single DNA molecules. Science.
267:378–380.

Flory, P. J. 1969. Statistical Mechanics of Chain Molecules. Hanser Pub-
lisher, Munich.

Gelles, J., B. J. Schnapp, and M. P. Sheetz. 1988. Tracking kinesin-driven
movements with nanometer-scale precision. Nature. 331:450–453.

Gittes, F., B. Schnurr, P. D. Olmsted, F. C. MacKintosh, and C. F.
Schmidt. 1997. Microscopic viscoelasticity: shear moduli of soft mate-
rials determined from thermal fluctuations. Phys. Rev. Lett. 79:
3286–3289.

Horowitz, D. S., and J. C. Wang. 1984. Torsional rigidity of DNA and
length dependence of the free energy of DNA supercoiling. J. Mol. Biol.
173:75–94.

Keizer, J. 1987. Statistical Thermodynamics of Nonequilibrium Processes.
Springer-Verlag, New York.

1604 Biophysical Journal Volume 76 March 1999



Kellermayer, M. S. Z., S. B. Smith, H. L. Granzier, and C. Bustamante.
1997. Folding-unfolding transitions in single titin molecules character-
ized with laser tweezers. Science. 276:1112–1116.

Klapper, I., and H. Qian. 1998. Remarks on discrete and continuous
large-scale models of DNA dynamics. Biophys. J. 74:2504–2514.

Larson, R. G., T. T. Perkins, D. E. Smith, and S. Chu. 1997. Hydrodynam-
ics of a DNA molecule in a flow field. Phys. Rev. E. 55:1794–1797.

Lin, S.-C., and J. M. Schurr. 1978. Dynamic light-scattering studies of
internal motions in DNA. I. Applicability of the Rouse-Zimm model.
Biopolymers. 17:425–461.

Mason, T. G., K. Ganesan, J. H. van Zanten, D. Wirtz, and S. C. Kuo.
1997. Particle tracking microrheology of complex fluids. Phys. Rev. Lett.
79:3282–3285.

Neher, E., and C. F. Stevens. 1977. Conductance fluctuations and ionic
pores in membranes. Annu. Rev. Biophys. Bioeng. 6:345–381.

Ninham, B., R. Nossal, and R. Zwanzig. 1969. Kinetics of a sequence of
first-order reactions. J. Chem. Phys. 51:5028–5033.

Perkins, T. T., S. R. Quake, D. E. Smith, and S. Chu. 1994. Relaxation of
a single DNA molecule observed by optical microscopy. Science. 264:
822–826.

Perkins, T. T., D. E. Smith, R. G. Larson, and S. Chu. 1995. Direct obser-
vation of tube-like motion of a single polymer chain. Science. 268:
83–87.

Qian, H., M. P. Sheetz, and E. L. Elson. 1991. Single-particle tracking:
analysis of diffusion and flow in two-dimensional systems. Biophys. J.
60:910–921.

Reif, M., M. Gautel, F. Oesterhelt, J. M. Fernandez, and H. E. Gaub. 1997.
Reversible unfolding of individual titin immunoglobulin domains by
AFM. Science. 276:1109–1112.

Rippe, K., P. H. von Hippel, and J. Langowski. 1995. Action at a distance:
DNA-looping and initiation of transcription. Trends Biochem. Sci. 20:
500–506.

Rouse, P. 1953. A theory of the linear viscoelastic properties of dilute
solutions of coiling polymers. J. Chem. Phys. 21:1272–1280.

Schellman, J. A., and S. C. Harvey. 1995. Static contributions to the
persistence length of DNA and dynamic contributions to DNA curva-
ture. Biophys. Chem. 55:95–114.

Shapiro, B. E., and H. Qian. 1997. A quantitative analysis of single
protein-ligand complex separation with the atomic force microscope.
Biophys. Chem. 67:211–219.

Shapiro, B. E., and H. Qian. 1998. Hysteresis in force probe measurements:
a dynamical systems perspective. J. Theor. Biol. 194:551–559.

Shore, D., J. Langowski, and R. L. Baldwin. 1981. DNA flexibility studied
by covalent closure of short fragments into circles. Proc. Natl. Acad. Sci.
USA. 78:4833–4837.

Smith, S. B., Y. J. Cui, and C. Bustamante. 1996. Overstretching B-DNA:
the elastic response of individual double-stranded and single-stranded
DNA molecules. Science. 271:795–799.

Smith, S. B., L. Finzi, and C. Bustamante. 1992. Direct mechanical mea-
surements of the elasticity of single DNA molecules by using magnetic
beads. Science. 258:1122–1126.

Strick, T. R., J.-F. Allemand, D. Bensimon, A. Bensimon, and V. Cro-
quette. 1996. The elasticity of a single supercoiled DNA molecule.
Science. 271:1835–1837.

Tskhovrebova, L., J. Trinick, J. A. Sleep, and R. M. Simmons. 1997.
Elasticity and unfolding of single molecules of the giant muscle protein
titin. Nature. 387:308–312.

Tsong, T. Y., R. L. Baldwin, and E. L. Elson. 1971. The sequential un-
folding of ribonuclease A: detection of a fast initial phase in the kinetics
of unfolding. Proc. Natl. Acad. Sci. USA. 68:2712–2715.

Van Kampen, N. G. 1992. Stochastic Processes in Physics and Chemistry.
Elsevier Science, North-Holland, Amsterdam.

Wang, J. C., and G. N. Giaever. 1988. Action at a distance along a DNA.
Science. 240:300–304.

Wax, N. 1954. Selected Papers on Noise and Stochastic Processes. Dover,
New York.

Yin, H., R. Landick, and J. Gelles. 1994. Tethered particle motion method
for studying transcript elongation by a single RNA polymerase mole-
cule. Biophys. J. 67:2468–2478.

Zimm, B. H. 1956. Dynamics of polymer molecules in dilute solution:
viscoelasticity, flow birefringence and dielectric loss. J. Chem. Phys.
24:269–278.

Qian and Elson SPT Study of Polymer Dynamics 1605


	Quantitative Study of Polymer Conformation and Dynamics by Single-Particle Tracking
	Introduction
	Analysis of conformational fluctuations
	Bead-and-spring model for the tethered microsphere
	The quantitative relationship between dna length and the brownian motion of a tethered particle
	Discussion
	References


